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Frequency Response of Quarter-Wave Coupled

Reciprocal Stripline Junctions

JOSEPH HELSZAJN

Abstract—The frequency response of quarter-wave coupled
reciprocal 3-port symmetrical junctions for which the reference
eigennetwork appears as a short circuit at the reference terminals
is presented. The equivalent circuit of such reciprocal junctions is
constructed in terms of the reciprocal parts of the split admittance
eigenvalues of the ideal 3-port circulator. Since the two circuits are
related, the element values selected for the matching networks are
the ones which apply to an ideal circulator with an overall Chebyshev
response. This is done for » =1, 2, and 3. An important conclusion
of this paper is that the design of wideband circulators is closely re-
lated to the design of wideband reciprocal 3-port junctions. The
paper includes experimental results obtained on a stripline device in
its magnetized and demagnetized states.

I. INTRODUCTION

r ,I YHE FREQUENCY response of quarter-wave coupled
reciprocal 3-port junctions for which the reference
eigennetwork appears as a short circuit at the reference

terminals is presented. Its purpose is to show that such circuits
are related to a class of 3-port circulators with similar reference
eigennetworks for which the splitting of the degenerate eigen-
networks is symmetrical. Since the two are related, the fre-
quency variation of one of them may be used to determine
the other. Experimental correlation between the two has, in
fact, been observed for a number of stripline geometries in [1].
The elements values used in this text for the matching net-
work of the reciprocal junction are, therefore, chosen to
correspond to the ones encountered in the synthesis of the
ideal circulator with an overall Chebyshev response.- Element
values for quarter-wave coupled circulators have been given
elsewhere [2]. The frequency responses of such reciprocal
junctions are obtained in this paper for =1, 2, and 3. The
results obtained here for this class of network indicate that
the frequency response of quarter-wave coupled circulators is
determined by that of the unmagnetized junction in a pre-
dictable way.

The paper begins by deriving the equivalent circuit of the
reciprocal junction in terms of the admittance eigenvalue of
the degenerate eigennetworks of the junction. Once this
equivalent circuit is known, it is possible to connect matching
networks at each port and calculate the overall response in a
straightforward manner. This is done for n=1, 2, and 3. The
frequency response of such junctions is also derived at the
terminals of each network. This allows the precise experi-
mental adjustment of each matching network to obtain the
desired overall response. Finally, the equivalent circuit of the
ideal circulator is constructed in terms of the admittance
eigennetworks of the reciprocal junction. The element values
for the matching network for the reciprocal junction are
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therefore chosen to coincide with those of ideal circulators
with Chebyshev characteristics. The text concludes with some
experimental results on an # =2 stripline symmetrical junction
in its unmagnetized and magnetized states

11. EquivALeENT CIRcUIT OF RECIPROCAL 3-PORT JUNCTION

The equivalent circuit of the reciprocal junction is ob-
tained by starting with the standard relation between the
reflection coefficient Sy, and the scattering matrix eigenvalues:

Su = — (0

The frequency dependence of the scattering matrix eigen-
values is obtained by using the relation between the scattering
and admittance eigenvalues:
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The above admittance eigenvalues are normalized to the
characteristic admittance of the 50-Q transmission lines.
For a reciprocal junction

Sy1 = 51 = &N (5)

and
Vil = Y1 = Y1 (6)

Furthermore, the reference eigenvalue for the eigennetwork
whose frequency variation is omitted is

S()="—1 (7)

which corresponds to Sip=—1 for a circulator constructed
from such eigennetworks Making use of the above relations
in (1) gives

1— 33’1

Sy = — 2. 8
N, (8)

The equivalent circuit for Sy given by (8) is shown in
Fig. 1.

The admittance eigenvalue y; has the nature of a \/4
short-circuited transmission line.

[4by cot @
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Fig. 1. Equivalent circuit of reciprocal junction in terms of
eigenvalues of admittance matrix (n=1).
Fig. 2. Equivalent circuit of reciprocal junction in terms
of quarter-wave stubs (n=1).
where

(10)

8 =2(140)
- ,

Here b, is the normalized susceptance slope parameter, and
26 is a normalized frequency variable (wo—w)/wo.

The equivalent network in terms of distributed A/4 short-
circuited transmission lines is shown in Fig. 2.

ITI. REFLECTION COEFFICIENT OF QUARTER-WAVE
REcIpPrOCAL 3-PORT JUNCTION

The equivalent circuit of the overall network is shown in
Fig. 3. Each matching network is represented in terms of an
overall A BCD matrix. The ones studied in this paper consist
of quarter-wave-long impedance transformers. The reflection
coefficient of the overall network is given by straightforward
calculation by

(DE— A—BF)*+(C—BE~— DF)*!/?
lv] = [ ] (11)
(DE+ A+ BF)*+(C+BE— DF)?

E and F are the real and imaginary parts of the equivalent
network due to ports 2 and 3 which load the A BCD matrix at
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Fig. 3. Equivalent circuit of wide-band reciprocal junction in

terms of ABCD networks.

port 1, and 4, B, C, and D are real numbers. The VSWR 7 is
given in terms of the reflection coefficient in the usual way by
1+
_ 1+ [l (12)
1— [y

The minimum value for the reflection coefficient is l'y[ =1/3
which corresponds with the maximum power transfer condi-
tion through the junction.

IV. FREQUENCY RESPONSE OF # =1 NETWORK

The frequency response at the junction terminals is ob-
tained with the 4 BCD parameters given by

A = cos b (13)
B =gsin#g (14)
C =sing (15)
D = cos @ (16)
and
E =2 17)
F=3 (Mﬁ> . (18)
T

The definition here for # is the same as that given in (10). An
approximate relation in the case of #=1 is obtained by replac-
ing the distributed network by a lumped-element one.

v = 728b/. (19)

This last equation is obtained directly from (9).
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Fig. 4. Equivalent circuit of quarter-wave coupled
reciprocal junction (n=2).

It is also observed that the normalized susceptance slope
parameter is equal to the loaded Q-factor.

' Bl’
b/ = ?0 = Qr. (20)
The result in terms of the VSWR 7 is
2[72 — 2.5 + 1:|”2
3 27
b' = (21)
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V. FREQUENCY RESPONSE OF =2 NETWORK

The frequency response of the »=2 network is obtained
with

A = cosf (22)
sin 6
B = (23)
Vi
C = y;sin g (24)
D = cos @ (25)
2(4D + BC
E = 2(4D + BC) (26)
A2 + B
3(4b,’ cot 6)
— (A% + B?) — 2(AC — BD)
F= i (27)

A% + B2
where v, is the transformer admittance. This network is shown

in Fig. 4.

VI. FREQUENCY RESPONSE OF #=3 NETWORK

The frequency response of the #=23 network is obtained
with

A = cos?h — &sinzo
Yo1

(28)
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Fig. 5. Equivalent circuit of two-section quarter-wave
coupled reciprocal junction (n=3).

1 1
B = <—' + > sin 6 cos 6 (29)
Yo1 Yoz
C = (yor + ¥o2) sin @ cos 0 (30)
=~ sin? @ + cos? 6 (31)
Yo2
2(4.D,+ B.C
g = 2Dt B 2
A2+ By
3(4by' cot 6) . ‘

———— (4* + Bi?) — 2(4:Cy — B1Dy)
Fe— (33)
A2 + B2

where
Ay = cos?§ — sin? 6 (34)
Vo2

11y ‘

B, = (—— + ——> sin 6 cos ¢ (35)
Yoi1 Yoo

Ci = (yo1 + ¥o2) sin 8 cos § (36)

D, = T Ginze + cos? 4. (37)

Vo1

Here yo; and yy, are the admittances of the transformers. This
network is shown in Fig. 5.

VII. EQuUivALENT CIRCUIT OF 3-PORT JUNCTION CIRCULATOR

In order to use the matching elements encountered in
the synthesis of quarter-wave coupled circulators in the de-
sign of wideband reciprocal junctions, it is necessary to
relate the twoequivalent circuits. To do this, the equivalent
circuit of a 3-port junction circulator is develeped in terms
of the admittance y: encountered in the circuit of the recipro-
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cal junction. The admittance eigenvalues of an ideal circulator
in the vicinity of the circulation frequency with symmetrical
splitting of the eigennetworks with the direct magnetic field
is [4]

J

Vi1 = Y1 — 75 (38)
y-1=y1 -+ J: (39)
V3

where v, is the admittance eigenvalue of the reciprocal junc-
tion.

The reflection coefficient sy; of an ideal circulator in the
vicinity of the circulation frequency is now given by

(-2

Sy1 = j : (40)
4 ( - ___)
Y1 V3
In a similar way one has for the eigenvalue s_;
J
1= (5 + _:)
<3’1 3
S_1 = (41)

J
el
N V3
The eigenvalue for which the frequency variation is omitted
is again

So = — 1. (42)

The reflection coefficient is now obtained by taking a linear
combination of se, Sy1, and s_;. The result in the vicinity of
circulation frequency is

Y1

Sy~
11 2

(43)

The normalized input admittance for this circuit in terms of
the original variables is

(4by cot §
Yin =1 —jl——).

™

(44)

An approximate equivalent network for this equation is an
ideal circulator available at any frequency with an admit-
tance y; connected at each port [4]. This is shown in Fig. 6.

Writing Sy; in terms of » now gives

2y —
b/ = ,(rvl_) . (45)
26(r 4+ 1)

It is seen from (21) and (45) in this paper that the two
n=1 circuits are, indeed, constructed in terms of the same
admittance eigenvalue. The frequency variation of one of
these circuits may, therefore, be used to infer one or the other.
Reference [1] gives some experimental results on the fre-
quency responses of such circuits from which correlation be-
tween theory.and experiment is possible. Applying (21) of this
paper to [1, fig. 6] gives, for the susceptance slope parameters
of the different geometries, b’ =5.65, by’ =3.93, by’ =3.33,
and by’ =1.84. In a similar way, applying (45) to [1, fig. 7]
gives, for the corresponding geometries, by’ = 6.6, by’ = 3.89,
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Fig. 6. Equivalent circuit of ideal circulator.
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Fig. 7. Frequency response for #=2 junction with r=1.15
and 260=0.35 at each pair of terminals.
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Fig. 8. Frequency response for # =2 junction with »=1.15 and

28p=0.50 at each pair of terminals.

b1’ =3.51, and by’ =1.62. A comparison of these two sets of
results shows that the circuits are indeed constructed in terms
of the same admittance eigenvalue.

VIII. COMPUTATIONS

This section describes some computations on the frequency
responses of #=2 and #=3 networks. The examples treated
in this section apply to networks which when magnetized
yield circulators with r=1.15 and 2§,=0.35, 0.50, and 0.66.
The element values for the networks are given in [2]. The
results are shown in Figs. 7 and 8 in the case of #=2, and in
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Fig. 9. Frequency responge for =3 junction with r=1.15
and 2§y=0.35 at each pair of terminals.
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Fig. 10. Frequency response for #=3 junction with r=1.15 and
284=0.50 at each pair of terminals.
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Fig. 11. Frequency response for =3 junction with r=1.15 and

283=0.65 at each pair of terminals.

Figs. 9, 10, and 11 in the case of n= 3. The frequency responses
are given in each case at the terminals of each network. The
frequency behavior at the intermediate transformer terminals
in the case of # =3 is obtained using the material in Section V
with y; replaced by Y. This allows the precise experiméntal
adjustment of each matching network to obtain the overall
response. These illustrations show that the bandwidth of the
overall reciprocal network is comparable to that of the junc-
tion magnetized to form a circulator. This implies that the
construction of wideband circulators is closely related to that
of wideband reciprocal 3-port junctions. Here, the bandwidth
of the reciprocal junction is that which coincides with maxi-
mum power transfer through the junction. It is also observed
that the frequency responses of the n=2 and # =23 reciprocal
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Fig. 12. Experimental frequency response of demagnetized and

magnetized #==1 and » =2 stripline circuits.

junctions associated with identical circulator characteristics
are similar, The only difference is that the slope at the band
edges for the # =2 network is less than that for n=3.

IX. EXPERIMENTAL RESULTS

This section gives the experimental frequency response of
3-port reciprocal and nonreciprocal junctions with #=1 and
n=2 networks. The configuration studied was a stripline one.
The n=1 network consists of a 27-mm diameter garnet disk
with a magnetization of 0.050 Wb/m? and a dielectric con-
stant of e,=14.3. Its unmagnetized and magnetized frequency
responses are shown in Fig. 12, The susceptance slope parame-
ter by’ of the unmagnetized junction is b’ =4.63, while that of
the magnetized one is ;' = 5.7. The dielectric constant e, of the
quarter-wave impedance transformer used for the n=2 net-
work was ¢, = 3.2, which corresponds toy,=1.79. Such an =2
network coincides with a circulator characteristic with
r=1.25 and 28,=0.40. The frequency responses for this net-
work are shown in Fig. 12 also. Here the bandwidth of the
magnetized junction is 28o==43 percent at r=1.25. It is ob-
served that the bandwidth between the minimum VSWR
points of the magnetized junction is approximately 0.707 of
that of the full bandwidth, as it should be. It is also seen that
for both the n=1 and #=2 cases, the frequency behavior of
the reciprocal junction may be used to predict the nonrecipro-
cal one. The frequency response of the reciprocal #=2 net-
work is slightly asymmetrical due to the onset of low-field loss.

X. CONCLUSIONS

This paper has given the theory of quarter-wave coupled
3-port junctions in the case of n=1, 2, and 3. It applies to
devices for which so=—1 at the terminals of the junction.
This configuration includes. the stripline one containing a
simple dielectric or unmagnetized ferrite disk. It has also been
shown that the theory of quarter-wave coupled junction cir-
culators is closely related to the theory of reciprocal junctions
with similar matching networks.
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